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Abstract

Numerical modeling was performed to investigate the developing turbulent ¯ow and heat transfer characteristics
of water near the critical point in a curved pipe. The renormalization group (RNG) k±E model was used to account

for the turbulent ¯ow and heat transfer in the curved pipe at a constant wall temperature with or without buoyancy
force e�ect. A control volume ®nite element method (CVFEM) was used to solve the three-dimensional full elliptic
governing equations for the problem numerically. Due to the great variation in physical properties of water near the
critical point, the turbulent ¯ow heat transfer can be signi®cantly altered compared with the pure forced convection

in the curved pipe. This study explored the in¯uence of the near-critical pressure and wall temperature on the
development of ¯uid ¯ow and heat transfer along the pipe. The numerical results for forced convective ¯ow and
heat transfer were compared with experiments available in the literature. Based on the results of this research, the

velocity, temperature, heat transfer coe�cient, friction factor distribution, and e�ective viscosity are presented
graphically and analyzed. # 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

Turbulent ¯ow and heat transfer to water in the
region of the critical point are very complicated due to
the large variation of thermal and transport properties.
Fig. 1 shows the physical property variation of water

at pressures slightly above the critical value according
to the formulation by Lester et al. [1]. The sharp peak
of speci®c heat capacity occurs at the so-called pseudo-

critical temperature, which is dependent upon pressure.
The density, heat conductivity, and viscosity vary dra-
matically near the pseudocritical point. Density vari-

ation causes the buoyancy e�ect and thereby a�ects
the ¯ow structure and transport characteristics. In ad-

dition, the variations in properties are coupled with
the ¯ow and heat transfer. Many experimental and
theoretical studies [2±5] investigated the ¯ows of near-
critical water in heated vertical and horizontal straight

pipes. To the author's knowledge, there has been no
research on turbulent heat transfer to near-critical
water in a curved pipe, which needs to be understood

because of its wide applications in power generation
systems and reactor facilities.
The turbulent ¯ow and heat transfer to the near-

critical water in a curved pipe features secondary ¯ow
caused by the centrifugal force and by the buoyancy
force, with dramatically varied physical properties. In
general, it is more complicated than the pure convec-

tive heat transfer of ¯uids in the curved pipe under
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normal conditions. In this study, the Computational
Fluid Dynamics (CFD) software, FLUENT/UNS, was

used to solve the fully elliptic governing conservation

equations of the problem. The density ¯uctuation e�ect
was included in the renormalization group (RNG) k±E
turbulence model [6]. The computations were per-

Nomenclature

a radius of the helical pipe [m]
A area [m2]
cp speci®c heat capacity [J (kgÿ1 Kÿ1)]
cE1, cE2, cm turbulent model constant
dh hydraulic diameter of the helical pipe [m]
Dn Dean's number (=Re � d1/2)
fm peripherally averaged friction factor [(1/2p ) f2p0 tw/(rinu

2
in/2) dy ]

h peripherally averaged heat transfer coe�cient [=(1/2p ) f2p0 qw/(TwÿTb) dy ]
k turbulent kinetic energy [mÿ2 s2]
Nufd fully developed average Nusselt number
Num peripherally averaged Nusselt number on a cross-section (=(1/2p ) f2p0 Nuy dy )
Nuy local Nusselt number on the circumference of a pipe [=(qwdh/Gl)/(TwÿTb)]
p, pc pressure and critical pressure [N mÿ2]
pr relative pressure parameter (=p/pc)
Pr molecular Prandtl number
Rc radius of the coil [m]

Re Reynolds number (=rinuindh/m )
T temperature [K]
Tw wall temperature [K]

ui velocity component in i-direction (i=1, 2, 3) [m sÿ1]
uin inlet velocity [m sÿ1]
uS axial velocity [m]

US nondimensional axial velocity (=us/u0)
xi Cartesian coordinate in the i-direction (i=1, 2, 3) [m]

Greek symbols
aT, ak, aE inverse e�ective Prandtl number for energy equation, k and E
G thermal conductivity [W (mÿ1 Kÿ1)]
d curvature ratio of curved pipe (=a/Rc)
E dissipation ratio of turbulent kinetic energy [m2 sÿ3]
y orthogonal azimuthal angle [8]
Y nondimensional temperature [=(TÿTw)/(TinÿTw)]
m viscosity [kg (mÿ1 sÿ1)]
me� e�ective viscosity [kg (mÿ1 sÿ1)]
r density of ¯uid [kg mÿ3]
tw wall shear stress [N mÿ2]
j axial angle [8]

Subscripts
b bulk quantity
e� turbulent e�ective parameters
fd fully developed situation

i, j, k general spatial indices
in inlet conditions
t turbulent quantity

w wall
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formed to investigate the e�ects of the supercritical
pressure and the wall temperature on the character-
istics of the mixed turbulent ¯ow and heat transfer in

a curved pipe.

2. Calculation models

The schematic representation of the curved pipe in

both Cartesian and helical coordinate systems is shown

in Fig. 2. The computation domain considered in the
study was almost one complete turn of the curved
pipe, with the axial angle ranging from 0±3558 and

with a curvature of d=0.05. Assuming that the near-
critical water enters the pipe with a uniform tempera-
ture and velocity pro®le, and the wall was kept at con-

stant temperature, Tw, the ¯ow and thermal boundary
layers developed simultaneously downstream in the
curved pipe.

The RNG k±E model proposed by Yakhot and
Orszag [6] was selected to model the turbulent ¯ow
and heat transfer in the curved pipe because the RNG
model includes an additional term in its E equation

that signi®cantly improves the accuracy for rapidly
strained ¯ows, such as those in curved pipes. In the
present study, the near-critical water was considered as

incompressible ¯uid. Except density, all the variable
properties were taken into account in the numerical
model and computation. To deal with the buoyancy

e�ect caused directly by density di�erence, the
Boussinesq approximation was applied in this study.
The governing equations were solved in the Cartesian

coordinate system in the numerical solver described
later. The time-averaged, fully elliptic three-dimen-
sional di�erential governing equations can be written
in tensor form in the Cartesian system as follows:

Mass:

@ui
@x i
� 0: �1�

Fig. 1. Physical properties of near-critical water at p=24 MPa.

Fig. 2. Schematic of a curved pipe.
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The e�ective viscosity, me�, was calculated by the fol-

lowing equation:

meff � mmol

241� ����������
Cm

mmol

s
k��
E
p

352

�6�

where mmol is the molecular viscosity. Eq. (6) indicates

that the RNG k±E model yields a good description of
how the e�ective turbulent transport varies with the
e�ective Reynolds number (or eddy scale), allowing an
accurate extension of the model to low-Reynolds-num-

ber and near-wall ¯ows [6]. The coe�cients aT, ak, and
aE in Eqs. (3)±(5) are the inverse e�ect Prandtl numbers
for T, k, and E, respectively. They were computed

using the following formula:���� aÿ 1:3929

a0 ÿ 1:3929

����0:6321���� a� 2:3929

a0 � 2:3929

����0:3679� mmol

meff

�7�

where a0 is equal to 1/Pr, 1.0, and 1.0, for the compu-

tation of aT, ak, and aE, respectively. S in Eqs. (4) and
(5) is the modulus of the mean rate-of-strain tensor,
Sij, which is de®ned as:

S � �������������
2SijSij

p �8�

where Sij � 1
2 ��@ui=@x j � � �@uj=@x i ��. R in Eq. (5) was

given by

R � CmrZ3�1ÿ Z=Z0�
1� zZ3

� E
2

k
�9�

where Z=S � k/E, Z0 1 4.38, z=0.012. The model con-
stants Cm, C1E, and C2E are equal to 0.085, 1.42, and
1.68, respectively. In the RNG k±E model, the e�ects

of buoyancy on turbulence can be accounted for
through Gb in Eq. (4). Gb is de®ned as:

Gb � ÿgiaTmt

1

r
@T

@x i

�
@r
@T

�
p

�10�

where aT is the inverse turbulent Prandtl number for

energy as de®ned in Eq. (7). In the near-wall zone, the
two-layer-based, nonequilibrium wall function was
used for the near-wall treatment of ¯ow in curved
pipes. This method requires some consideration of

mesh; i.e., the cell adjacent to the wall should be
located to ensure that the parameter y+ (0ruty/m ) or
y� (0rC 1/4

m k 1/2
P yP/m ) falls into the 30±60 range. In the

present study, the y+ was adapted into the 30±60
range.
The nonslip boundary condition and a constant tem-

perature were imposed on the pipe wall. At the inlet,
all dependent variables were assumed to be of uniform
pro®le in the direction normal to the inlet plane:

u � uin, T � Tin, k � kin, E � Ein: �11�

The inlet boundary values of k and E were computed

from an estimated turbulence intensity, I, and turbu-
lent length scale, l, as follows:

kin � 3

2
�uinI �2, Ein � C 3=4

m
k3=2in

l
: �12�

The initial turbulence intensity I, de®ned as u '/u, was
equal to 5%, and the length scale l was set to be 0.07 �
a in this study. This study did not address how the
computed results were sensitive to the variations of the
inlet k and E.
At the outlet, the di�usion terms for all dependent

variables were set to zero at the exit direction:

@f
@n
� 0 �13�

where symbol f represents variables ui, T, k, and E.
In this study, the thermodynamic and transport

properties were calculated according to the program of
Lester et al. [1].
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3. Numerical computation

The turbulent mixed convective heat transfer in the
curved pipe was solved by the CFD solver, FLUENT/
UNS, which used a control-volume ®nite element

method (CVFEM) similar to that introduced by Baliga
and Patankar [7] to solve the governing equations. A
multiblock-structured nonuniform grid system com-

posed of hexahedral elements, schematically shown in
Fig. 3, was used to discretize the computation domain.
The second-order upwind scheme proposed by Rhie

and Chow [8] was selected for the discretization of the
convection term in the governing equations, while the
di�usion term was computed by means of multi-linear
interpolating polynomials. The SIMPLEC algorithm

introduced by Van Doormaal and Raithby [9] was
used to resolve the coupling between velocity and
pressure. Due to the large variation of the properties,

the under-relaxation technique with under-relaxation
factors ranging from 0.1±0.3 for all independent vari-
ables, buoyancy force term, and thermodynamic prop-

erties was adopted in the iteration procedure. The
computation was considered to be converged if the fol-
lowing criterion was satis®ed for all equations:

Rn
F

Rm
F

R10ÿ4 �14�

where Rm
F refers to the maximum residual value

summed over all the computation cells after the mth
(usually m=5) iteration and Rn

F, the value at the nth
iteration. To test the criterion independence, another
convergence criterion of 10ÿ5 was applied to a case.

The di�erence of computed peripherally averaged Nu
numbers for the two convergence criteria was within
1%. The grid independence was investigated in the

analysis by adopting di�erent grid distributions (sec-
tional� axial) of 320� 120, 500� 120, 720� 120, 500�
160, and 500 � 200. The grid independence test indi-

cated that the grid system of 500� 160 ensured a satis-
factory solution. This was veri®ed by the fact that the
di�erence of the computed results of friction factor,

temperature, and heat transfer rate with grids ®ner

than the 500� 160 (e.g., 500� 200) and those with the
500�160 grid was within only 1%.

4. Results and discussion

4.1. Data comparison (fully developed heat transfer)

Because there is almost no data on the turbulent

mixed convective ¯ow to near-critical water in a curved

Fig. 3. Unstructured grid of the curved pipe.

Fig. 4. Comparison of fully developed axial velocity pro®les

along planes AA and BB with experimental and numerical

results.

Fig. 5. Comparison of fully developed Nusselt numbers with

experimental data at d=0.05, Pr=1.293.
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Fig. 6. Computed dimensionless isotachs at Re=5� 104, d=0.05, Tin=635 K, Tw=675 K for (a) pure convection; (b) p=28 MPa;

(c) p=23 MPa.
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Fig. 7. Computed dimensionless isotherms at Re=5 � 104, d=0.05, Tin=635 K, Tw=675 K for (a) pure convection; (b) p=28

MPa; (c) p=23 MPa.
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pipe, the current computations were only compared
with previous studies on fully developed ¯ow and heat

transfer in a curved pipe to evaluate the accuracy of
the codes. By comparing the nondimensional velocity
and temperature distribution between the axial pos-

itions j=1808 and j=3558, it was discovered that the
forced turbulent ¯ow and heat transfer in the curved
pipe under non-near-critical conditions became almost

fully developed at an axial position around j=1808.
Fig. 4 reveals the comparisons of the currently com-
puted axial velocity pro®le for the fully developed tur-

bulent convection with the experimental data by Mori
and Nakayama [10] and parabolic numerical data by
Patankar et al. [11].
Primarily due to the turbulence model used, the cur-

rent numerical results showed better agreement with
the experimental data than with the parabolic compu-
tations by Patankar et al. [11], especially in the region

near the outer wall. In Fig. 4, the asymmetric results
for plane BB were basically caused by the variable
properties of the working media.

The peripherally averaged Nusselt numbers of the
fully developed convection were also compared with
the measurements by Rogers and Mayhew [12] and

Schmidt [13], as shown in Fig. 5. According to their
experimental data, Rogers and Mayhew [12] proposed
the following correlation:

Nufd � 0:023Re0:85 � Pr0:4 � d0:1 �15�

Schmidt's experimental data were presented by the fol-
lowing empirical formula:

Nufd

Nus

� 1:0� 3:6�1ÿ d�d0:8 �16�

where Nus=0.023Re 0.8 � Pr 0.4. The curve drawn with
the correlation proposed by Gnielinski [14] was also
shown in Fig. 5, which can be presented as:

Nufd � � f=8� Re � Pr
1� 12:7

�������
f=8

p �Pr2=3 ÿ 1�

�
Pr

Prw

�0:14

f � �0:3164=Re0:25 � 0:03d0:5�
�mw

m

�0:27

: �17�

Within the examined parameter range, the maximum

di�erence between the present study and the exper-
imental data was less than 5%, indicating that the
modeling employed in the study was correct.

4.2. E�ect of pressure on the ¯ow and thermal ®elds

It is commonly known that the ¯ow in the curved
pipe features secondary ¯ow caused by the centrifugal
force [17]. For near-critical water ¯ow in a heated

curved pipe, a strong buoyancy e�ect is induced

because of the large variation in density and the e�ect
of other property variations. The property variation
gradient for temperatures near the pseudocritical tem-

perature is di�erent at varied pressures, depending on
the proximity of the pressure to the critical point

( pc=22.05 MPa). The closer the pressure is to the
critical point, the more the properties vary with the
temperatures. Fig. 6 shows the contours of the dimen-

sionless axial velocity (us/uin) at di�erent axial pos-
itions under di�erent pressures. The development of
thermal ®elds is shown in Fig. 7 with contours of

dimensionless isotherms. The di�erence in velocity
magnitude between di�erent dimensionless isotachs

equals 0.05, and the di�erence between successive iso-
therms is 0.02. Figs. 6(a) and 7(a) represent the pure
convection in a curved pipe without considering vari-

ations of all properties. Figs. 6(b) and 7(b) and Figs.
6(c) and 7(c) present cases in which the inlet pressures

equal 28 and 23 MPa, respectively. For all cases con-
sidered here, the pseudocritical temperature at the
speci®ed pressure was higher than the inlet tempera-

ture, Tin=635 K, but lower than the wall temperature,
Tw=675 K, with intent of causing large variations in
the ¯uid properties. The Reynolds number, Re, for all

cases at the inlet of the pipe was set to 5� 104.
By comparing the dimensionless isotachs and iso-

therms at j=1808 and j=3558 in Figs. 6(a) and 7(a),
it was evident that the pure turbulent convective heat
transfer becomes almost fully developed around the

axial position of j=1808. For the turbulent ¯ow of
the near-critical ¯uid, due to the buoyancy e�ect and

Fig. 8. Peripherally averaged heat transfer distribution along

the pipe for various pressures.
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the variation in the transport properties, the original

regular secondary ¯ow for pure convection was

altered, and the maximum velocity shifted toward the

bottom of the pipe with the development of the ¯ow

®elds. Under the interactive e�ect of the buoyancy

force and the centrifugal force, the ¯ow pattern

showed sophisticated variation. For the case in which

the pressure was closer to the critical point, strati®ca-

tion occurred for the isotachs after the axial position

of j=1808 in Fig. 6(c), indicating that the buoyancy

e�ect was dominant over the centrifugal e�ect.

Moreover, with the pressure nearing the critical point,

the maximum and the mass-average velocities

increased, but the maximum and the mass-average

temperatures decreased, and the temperature in the

core region tended to be comparatively uniform, which

means that as pressure approached the critical point,

the temperature gradient near the wall increased.

Because the thermal conductivity varied with the

temperature, the Nusselt number was di�cult to de-

®ne. The peripherally averaged heat transfer coe�cient

distributions along the pipe for various pressures are

shown in Fig. 8. The supercritical pressure parameter,

pr, varies from 1.043 to 1.361. The heat transfer coef-

®cient distribution for pure turbulent convection is

also displayed with the dashed line in Fig. 8. It was

found that as pressure approached the critical point,

the heat transfer coe�cient was increased. This was

evident especially in the second half-turn of the curved

pipe. It was also found that as the ¯ow developed

downstream, the enhancement of the heat transfer was

accelerated. When pr decreased 23.4% (from 1.361 to

1.043), h can be increased up to 265% in the region
near the outlet.

Fig. 9 shows the distribution of the peripherally
averaged friction factor along the axial position at

di�erent pressures. The dashed line in Fig. 9 represents
pure convection. The friction factor was based on the

inlet condition, i.e., f=tw//(rinu
2
in/2). Overall, the

buoyancy e�ect of the supercritical water increased the

Fig. 9. Peripherally averaged friction factor distribution along

the pipe for various pressures.
Fig. 10. Peripherally averaged heat transfer distribution along

the pipe for various wall temperatures.

Fig. 11. Peripherally averaged friction factor distribution

along the pipe for various wall temperatures.
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friction factor. The closer the pressure was to the criti-

cal point, the more the friction factor increased. Near

the outlet, fm increased almost 35% when pr decreased

23.4% (from 1.361 to 1.043). The variation of fm with

pr was less than that of h with pr under the same con-

ditions. Another apparent feature of the investigated

¯ow was that the friction factor distribution showed

oscillatory behavior. A similar oscillatory behavior for

Fig. 12. E�ective viscosity distribution at Re=5� 104, d=0.05 for (a) pure convection; (b) p=28 MPa; (c) p=23 MPa.
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the Nusselt number was also found in previous nu-
merical studies by Patankar et al. [11], Sillekens [15],

and Lin and Ebadian [16].
From the viewpoint of mechanics, the buoyancy

force induced by the variable properties was in an

overall direction from top to bottom at each cross-sec-
tion of the pipe within the investigated parameter
range of this study. The combined forced formed by

the buoyancy force and the curvature-induced centrifu-
gal force, which is in the direction from inner to outer
walls, was found to be still in the direction from top to

bottom (see Figs. 6 and 7). This indicated that the
magnitude of the buoyancy force was always higher
than the centrifugal force in this study. In general, the
¯ow and heat transfer of the examined curved pipe

were dominated by the e�ects of the buoyancy force.

4.3. E�ect of wall temperature variation on the ¯ow and
heat transfer

As stated above, the density of the supercritical
water varied nonlinearly with temperature near the
pseudocritical temperature at a speci®ed pressure. The

density gradient with temperature had the highest
value at the pseudocritical temperature. Therefore, the
buoyancy force was dependent on pressure as well as

temperature. Under the same inlet temperature, vary-
ing the wall temperature resulted in di�erent buoyancy
forces. The distribution of heat transfer and friction

factors for various wall temperatures are shown in
Figs. 10 and 11, respectively. In these ®gures, the
dashed line denotes the pure convection for the same

Reynolds number. The wall temperatures studied were
set to 645, 650, 654, 633 and 675 K. Of these, the wall
temperature of Tw=654 K was the pseudocritical tem-
perature for the operation pressure of p=24 MPa.

For all cases in Figs. 10 and 11, both the heat trans-
fer coe�cient and the friction factor decreased along
the axial position in the entrance region, reaching a

minimum value at some position close to the inlet,
then increased further downstream. The higher the
wall temperature, the closer to the entrance was the lo-

cation at which the heat transfer coe�cient and the
friction factor began to increase. Also, it was found in
Figs. 10 and 11 that if the wall temperature was equal
to or less than the pseudocritical temperature, the heat

transfer coe�cient and the friction factor varied
slightly along the axial position after attaining their
maximum values. When the wall temperature was

above the pseudocritical temperature, the heat transfer
coe�cient increased swiftly downstream from some
axial position that depended on the value of pr. The

point at which the heat transfer coe�cient began to
increase swiftly shifts closer to the inlet with the
increase of the wall temperature.

4.4. E�ective viscosity

The e�ective viscosity was closely related to the tur-
bulent transport. Fig. 12 shows the distribution of the
e�ective viscosity for pure convection and mixed con-

vection with pressures p=28 MPa and p=23 MPa, an
inlet temperature of Tin=635 K, and a wall tempera-
ture of Tw=675 K. The di�erence between successive

contours equals 2� 10ÿ4. In the beginning section (jE
458), the maximum e�ective viscosity shifted toward
the bottom of the pipe due to the buoyancy force

e�ect, and the maximum value decreased as the press-
ure approached the critical point. For mixed convec-
tion downstream from j=908, the maximum e�ective
viscosity moved completely to the near-wall region.

This was very di�erent from the pure convection case
for which the maximum e�ective viscosity occurred in
the core region of the curved pipe. Meanwhile, the

e�ective viscosity in the core region became lower
downstream. As a result, the e�ective viscosity in the
thermal boundary layer near the wall decreased.

5. Conclusions

Three-dimensional turbulent heat transfer to near-

critical water in a heated curved pipe under the con-
ditions of mixed convection has been investigated nu-
merically by a CVFEM. All physical and transport
property variations were included in the modeling of

the turbulent heat transfer.
As the pressure neared the critical point, the heat

transfer coe�cient and friction factor increased signi®-

cantly. As the wall temperature increases above the
pseudocritical temperature, the heat transfer and fric-
tion factor also increase dramatically downstream

from some axial position.
The e�ective viscosity for turbulent mixed convec-

tion to near-critical water decreased along the curved

pipe. The friction factor distribution along the pipe
showed obvious oscillatory behavior.
Recommended future research on this topic includes

the e�ects of curvature ratio on the near-critical turbu-

lent convection and the detailed interaction between
the buoyancy and centrifugal forces. Heat transfer ex-
periments under the near-critical conditions are also

desired.
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